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Abstract

In Statistical Process Control (SPC) we usually assume that counts of defective items have a binomial
distribution with parameters (n, p), where n and p represent the fixed sample size and the fraction
nonconforming.
The non-negative, discrete and asymmetrical character of this distribution and the value of its target
mean (np0) may prevent us to deal with a np-chart with: a pre-specified in-control average run length
(ARL); the ability to control not only increases but also decreases in p in a swift manner.
Moreover, as far as we know, most of the charts for p proposed in the SPC literature tend to be ARL-
biased, in the sense that the ARL function does not achieve a maximum in the in-control case.
Having this in mind, in this paper we propose an ARL-unbiased two-sided (cumulative sum) CUSUM
scheme, for i.i.d. binomial counts; the collection of its control statistics constitutes a bivariate Markov
chain. To determine the associated control limits and randomization probabilities, in order to eliminate
the bias of the ARL function and to bring the in-control ARL exactly to the pre-specified value, we
adopt the approach of Lucas and Crosier (1982) to bivariate Markov chains and then apply the search
procedure used by Paulino et al. (2016b).
We also propose ARL-unbiased versions of the np-charts and the two-sided CUSUM schemes for the
mean of a first order autoregressive (AR(1)) process with binomial marginal distribution.
We use the R statistical software to provide gripping illustrations of all control charts and schemes.

Keywords: ARL-unbiased design; processes with binomial marginals; R statistical software; statistical
process control; unbiased, randomized and uniformly most powerful unbiased tests.

1 Charts for nonconforming
items

Charts for nonconforming items are used to de-
tect whether the process quality deteriorates or
improves. Shewhart charts are the most popular
ones, but these charts have a widely known limita-
tion: they are not particularly swift when it comes
to the detection of small and moderate shifts. The
reason being that a Shewhart control chart uses
only the information about the process contained
in the last sample observation and it ignores any
information given by the entire sequence of points
(Montgomery, 2009, p. 400). Since CUSUM charts
combine the information from all the samples,
CUSUM charts are more effective than Shewhart
charts for detecting small process shifts (Mont-
gomery, 2009, p. 402). Having this in mind, we
study and compare Shewhart and CUSUM charts.

The building block of the control statistics of

charts for the fraction nonconforming (p) is Xt, the
total number of nonconforming items in the t-th
sample of size n (t ∈ N0). Shewhart and CUSUM
charts trigger an alarm at sample t if the control
statistic is beyond the control limits. Let p0 be the
known target of the fraction nonconforming, then
the process is said to be in-control if p = p0 and
out-of-control if there is a shift from p0 to p = p0+δ,
δ 6= 0.

The performance of charts for nonconforming
items are usually assessed in terms of the ex-
pected number of samples taken until a signal is
triggered, the average run length (ARL) (Morais,
2016). Regrettably, most of the charts for p tend
to be ARL-biased, in the sense that the ARL func-
tion does not achieve a maximum in the in-control
case and takes longer, in average, to detect some
shifts in the fraction defective than to trigger a false
alarm. As far as we have investigated, there is an
exception: the ARL-unbiased np-chart proposed
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by Morais (2016).
Having this in mind, in this paper we pro-

pose an ARL-unbiased two-sided (cumulative sum)
CUSUM scheme, for i.i.d. binomial counts and
ARL-unbiased versions of the np-charts and the
two-sided CUSUM schemes for the mean of a
binomial AR(1) counts. In order to eliminate the
bias of the ARL function and to bring the in-control
ARL exactly to the pre-specified value, we use
randomization probabilities.

2 Charts/schemes for i.i.d. bi-
nomial counts

In this section, we assume thatXt are independent
and identically distributed (i.i.d.) to the random
variable (r.v.) X ∼ Binomial(n, p).

2.1 np-charts

The np-charts with 3-σ limits have been historically
and systematically used to control the expected
number of nonconforming items in a constant-size
random sample. Since the control statistic is non-
negative integer-valued, the lower and upper con-
trol limits (LCL and UCL) can be defined as the
following ceiling and floor functions of p0: LCL =

dmax{0, np0−3
√
np0(1− p0)}e and UCL = bnp0+

3
√
np0(1− p0)c (Morais, 2016). This chart triggers

an alarm at sample t if its control statistic Xt (t =
1, 2, . . . ) is beyond these control limits. The run
length (RL) of the np-chart has a geometric dis-
tribution with parameter ξ(δ), where ξ(δ) = P (X /∈
[LCL,UCL] | δ). Hence ARL(δ) = 1

ξ(δ) .
Regrettably, np-charts with 3-σ limits behave

poorly when it comes to the detection of decreases
in p0. When LCL = 0, we are dealing with an
upper one-sided chart, meaning, it would take the
np-chart longer, in average, to detect any reduction
in the fraction nonconforming than to trigger a false
alarm (Morais, 2016).

Furthermore, for LCL > 0, the ARL function of a
np-chart with 3-σ limits takes its maximum value at

δ∗(p0) = argmaxδ∈(−p0,1−p0)ARL(δ)

=

[
B(UCL+1,n−UCL)
B(LCL,n−LCL+1)

] 1
UCL−LCL+1

1 +
[
B(UCL+1,n−UCL)
B(LCL,n−LCL+1)

] 1
UCL−LCL+1

− p0, (1)

where the beta function is defined as B(x, y) =
Γ(x)Γ(y)
Γ(x+y) . The proof of this result relies on the rela-
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Figure 1: Plot of the function δ∗(p0), for the np-chart with 3-σ
limits — n = 100 and p0 ∈ (0.0826, 1− 0.0826).

tionship between the cumulative distribution func-
tion (c.d.f.) of the binomial and beta distributions.

As shown by Figure 1, the function δ∗(p0) has
roots at p0 = 0.5 and for some values of p0 closed
to 0.5. For small values of p0, the maximum of
the ARL function always occurs below 0, that is,
this chart takes longer, in average, to detect some
decreases in p0 than to trigger a false alarm, even
when LCL > 0.

The ARL-unbiased np-chart proposed by Morais
(2016) was derived by exploring the notion of uni-
formly most powerful unbiased (UMPU) with ran-
domization probabilities to eliminate the bias of
the ARL function of the np-chart in the i.i.d. case,
as Paulino et al. (2016a) did for the c-chart for
i.i.d. Poisson counts. The ARL-unbiased np-chart
triggers a signal at sample t with:

• probability one if the observed number of non-
conforming items in sample t, xt, is beyond
the lower and upper control limits, L and U ;

• probability γU (resp. γL) if xt = U (resp. xt =
L).

2.2 CUSUM schemes

As expertly put by Lucas (1985), two-sided
CUSUM schemes used to detect either an in-
crease or a decrease in the process mean are
obtained by running simultaneously two one-sided
charts. The standard upper and lower one-sided
CUSUM charts have control statistics that are
given by

S+
t = max

{
0, S+

t−1 +
(
Xt − k+

)}
, (2)

S−t = max
{
0, S−t−1 +

(
k− −Xt

)}
, (3)

respectively, for t = 0, 1, 2, . . . , where: S+
0 = S−0 =

0; k+ and k− are the reference values of each one-
sided chart; {Xt : t ∈ N0} is the output process.
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If the control statistic S+
t (resp. S−t ) exceeds the

upper control limit h+ (resp. h−), then a signal
is prompted by the upper (resp. lower) one-sided
CUSUM charts at sample t.
k+ and k− are chosen in order to ensure a fast

detection of a shift from the target value, p0, to p+
1

or p−1 , respectively, where p+
1 > p0 and p−1 < p0.

Hawkins and Olwell (1998, p. 123) suggest the use
of

k∗ =
n ln

(
1−p0
1−p∗1

)
ln
(

1−p0
1−p∗1

)
− ln

(
p0
p∗1

) , ∗ = +,−. (4)

These reference values were proposed because
CUSUM charts can be related to Wald sequential
probability ratio tests (SPRT), as widely discussed
by Johnson and Leon (1962).

Hawkins and Olwell (1998) created some pro-
grams to obtain the control limits, h+ and h−, of
each one-sided CUSUM chart so that the in-control
ARL of each chart is close to a pre-specified in-
control ARL. These authors used fractional ref-
erence values, so that there is a wider range of
possible control limits and, consequently, the in-
control ARL of the one-sided CUSUM charts is
closer to the desired values.

2.2.1 ARL function

Gan (1993) defined the ARL function for an up-
per one-sided CUSUM chart for p, using fractional
reference values and control limits: k+ = a+/b+,
h+ = c+/b+, k− = a−/b−, h− = c−/b−, where a+,
b+, c+, a−, b− and c− are positive integers. The
ARL function for a lower one-sided CUSUM chart
can be obtained similarly. Now, we derive the ARL
function for a two-sided CUSUM scheme.
{(S+

t , S
−
t ) : t ∈ N} is a bivariate Markov chain

with state space {0, 1/b+, 2/b+, . . . , c+/b+, (c+ +

1)/b+, . . . } × {0, 1/b−, 2/b−, . . . , c−/b−, (c− +

1)/b−, . . . } and transition probabilities,
p(i+,i−) (j+,j−) = P (S+

t = j+, S−t = j− | S+
t−1 =

i+, S−t−1 = i−). The derivation of these transition
probabilities can be found in Cruz (2019, p. 19).
A double subscript was obviously used to index
any state (i+, i−); (0, 0) represents a two-sided
CUSUM scheme with both constituent charts
CUSUM at state zero, whereas the state (i+, i−)

refers to a two-sided CUSUM scheme with upper
(resp. lower) one-sided CUSUM chart in state i+

(resp. i−).
Once we derived these transition probabilities

we can obtain the ARL function using the pro-
cedure described by Lucas and Crosier (1982).

To do so, we shall consider an absorbing Markov
chain with a set of transient (or in-control) states
T = T + × T − = {0, 1/b+, 2/b+, ..., c+/b+} ×
{0, 1/b−, 2/b−, ..., c−/b−} and a single absorbing
state combining all the out-of-control states of the
original Markov chain characterized by (i+, i−),
with i+ > h+ or i− > h−.

Notice that the transient states can be ordered
as follows: (0, 0), (0, 1/b−), · · · , (0, c−/b−), (1, 0),
(1, 1/b−), · · · , (1, c−/b−), · · · , (c+/b+, 0), (c+/b+, 1),
· · · , (c+/b+, c−/b−).

By applying the Brook and Evans (1972) Markov
approach, we conclude that the ARL function of
a two-sided CUSUM scheme with no head starts,
S+

0 = 0 and S−0 = 0, is equal to

ARL(p) = e>0 × [I−Q]−1 × 1, (5)

where:

• e>0 is the first vector of the orthogonal basis for
R(c++1)×(c−+1);

• I represents an identity matrix with rank (c+ +

1)× (c− + 1);

• Q = [p(i+,i−)(j+,j−)] is a sub-stochastic matrix
and (i+, i−) and (j+, j−) belong to T ;

• 1 is a column-vector with (c+ + 1) × (c− + 1)

ones.

Alternatively, according to Lucas (1985), the ARL
of the two-sided CUSUM scheme with initial state
(S+

0 , S
−
0 ), ARLS

+
0 ,S

−
0 , can be obtained directly from

the ARL of two one-sided schemes: if

h+ + k+ − k− ≥ S+
0 + S−0 (6)

h− + k+ − k− ≥ S+
0 + S−0 (7)

k+ − k− ≥ h+ − h− (8)

k+ − k− ≥ h− − h+, (9)

then

ARLS
+
0 ,S

−
0 =

ARL+,S+
0 ARL−,0

ARL+,0 +ARL−,0

+
ARL+,0ARL−,S

−
0

ARL+,0 +ARL−,0

− ARL+,0ARL−,0

ARL+,0 +ARL−,0
, (10)

where ARL+,u+

(resp. ARL−,u
−
) is the ARL of the

upper (resp. lower) one-sided CUSUM chart with
initial state u+ ∈ T + (resp. u− ∈ T −).

2.2.2 Deriving an ARL-unbiased two-sided
CUSUM scheme

The ARL-unbiased two-sided CUSUM scheme
triggers a signal at sample t with:
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• probability one if S+
t > h+ or S−t > h−;

• probability γh+ if S+
t = h+;

• probability γh− if S−t = h−.

Needless to say that the control statistics S+
t and

S−t are the ones defined in (2) and (3), and the
reference values are calculated rounding (4).

In order to define an ARL-unbiased two-sided
CUSUM scheme with a pre-specified in-control
ARL value, say ARL∗, we adapted the algorithm
used by Paulino et al. (2016b). Since we are deal-
ing with a discrete control statistic, randomization
probabilities are essencial to bring the in-control
ARL closer to ARL∗. The search procedure is
used to obtain the control limits, h+ and h−, and
the randomization probabilities, γh+ and γh− .

Since the search procedure is time consuming if
we consider fractional reference values, we mainly
used integer ones. However, when it was not pos-
sible to obtain an ARL-unbiased two-sided CUSUM
scheme with integer reference values, they were
rounded to one decimal place.

Randomizing the emission of a signal means
considering a modified sub-stochastic matrix Q in
(5). Indeed, when there is a transition from state
(i+, i−) ∈ T to state:

• (j+, h−), j+ ∈ {0, 1/b+, ..., (c+ − 1)/b+}, the
entry is equal to (1− γh−)× p(i+,i−)(j+,h−);

• (h+, j−), j− ∈ {0, 1/b−, ..., (c− − 1)/b−}, the
entry is (1− γh+)× p(i+,i−)(h+,j−);

• (h+, h−), the entry is given by (1− γh+)× (1−
γh−)× p(i+,i−)(h+,h−).

The remaining entries of the ma-
trix Q ≡ Q(p, γh+ , γh−) remain
equal to the transition probabilities
p(i+,i−)(j+,j−), where (j+, j−) ∈ {0, 1/b+, ..., (c+ −
1)/b+} × {0, 1/b−, ..., (c− − 1)/b−}.

The randomization of the emission of a signal
when S+

t (resp. S−t ) is equal to h+ (resp. h−) de-
creases the ARL of a two-sided CUSUM scheme
with the very same control limits but no random-
ization. Consequently, we want to obtain an in-
control ARL larger than the pre-specified value, so
that complementing control limits with randomiza-
tion probabilities brings the in-control ARL down to
ARL∗.

The equality (10) will be used to start the search
procedure, with an in-control ARL slightly larger
than the pre-specified value. Since there are some
ambiguities regarding the equality (10), the approx-
imation 1/ARL0,0 ≈ 1/ARL+,0 + 1/ARL−,0 will be

used. This approximation is used to reduce the
algorithm search time, after all matrix Q takes on
high dimensions and it is crucial in the calculation
of ARL values.

Apart from the first step, the search procedure
used to obtain the control limits and randomiza-
tion probabilities of an ARL-unbiased two-sided
CUSUM scheme does not differ much from the
description found in Paulino et al. (2016b). Expect-
edly, we shall only describe this first step.

Identifying the grid of control limits
The possible values for the control limits de-

pend on the reference values. Thus, if the
reference value has the decimal place 5, an
odd digit or an even digit (other than 5), the
set of possible values for the control limits are
{0, 0.5, 1, 1.5, 2, 2.5, ...}, {0, 0.2, 0.4, 0.8, 1, 1.2, ...} or
{0, 0.1, 0.2, 0.3, 0.4, 0.5, ...}, respectively. Hence,
the control limits are defined as {a × l, a ∈ N0},
with l = 0.5, 0.2, 0.1, and if the reference value is
an integer, the control limits shall be defined by
{a, a ∈ N0}, in case l = 1.

Moreover, if the in-control ARL is smaller than
ARL∗, then it makes no sense to complement
the control limits with randomization probabilities.
Consequently, the randomization of the signal de-
mands a pair of control limits (h+, h−) ensuring
that

ARL(p0) > ARL∗. (11)

Since 1/ARL ≈ 1/ARL+ + 1/ARL−, it is not
surprising that one begins the search looking for
h+ and h− such that ARL+(p0) > 2 × ARL∗ and
ARL−(p0) > 2 × ARL∗. However, since we are
dealing with an approximation, it is possible that
the (11) is not satisfied. In this case and by fixing
h− we obtained initially, we have to increase h+ by
l, 2l, etc. until (11) is reached. Once the condition
(11) is satisfied, we have to check whether ARL(p)
achieves a maximum at a point that lies to the left
or to the right of p0. Let ARL(p∗) represent the
maximum value of the ARL function and divide the
search of the control limits into two cases: p∗ > p0

and p∗ < p0. The goal in both cases is to obtain
the largest h−, for fixed h+, such that the maximum
point of the ARL function lies to the right of p0. Let
h+

0 and h−0 be the initial control limits satisfying
(11). The following procedure must be adopted
when p∗ > p0 (resp. p∗ < p0):

• for h− = h−0 , h
−
0 + l, ... (resp. h− = h−0 , h

−
0 −

l, ...), consider a h+ large enough (h+ ≥ h+
0 )

such that (11) is satisfied and search for the
smallest (resp. largest) h− so that the argmax
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of the ARL moves to the left (resp. right). Un-
der these circumstances, h and h − l (resp.
h and h + l) define the two candidate values
for the h− and for each of these the smallest
possible value of h+, say Hh and Hh−l (resp.
Hh and Hh+l), which guarantee (11) is valid,
are the candidate values for the h+;

Note that the largest of these two candidates to be
the h+ has to be increased by one to handle some
exotic cases.

2.2.3 Illustrations

Figure 2 shows the performance of two ARL-
unbiased two-sided CUSUM schemes derived in
Section 2.2.2 considering integer and fractional
reference values.
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Figure 2: ARL-unbiased curves, for integer and fractional ref-
erence values (resp., dashed and solid line) — n = 60,
p0 = 0.03, p+1 = p0 + 0.01 and p−1 = p0 − 0.01,
(k−, k+, h−, h+, γh− , γh+ ) = (1, 2, 3, 18, 0.028753, 0.323484)
(dashed line), (1.5, 2.1, 10, 12.4, 0.182710, 0.864451) (solid
line).
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Figure 3: ARL-unbiased curves of a np-chart and a two-sided
CUSUM scheme (resp., dashed and solid line) — n = 90, p0 =
0.02, (L,U, γL, γU ) = (0, 7, 0.012852, 0.084624) (dashed line),
(k−, k+, h−, h+, γh− , γh+ ) = (1, 2, 3, 18, 0.020530, 0.204149)
(solid line).

This figure leads to the conclusion that the
scheme with fractional reference values performs
slightly better than the scheme associated with
integer values. This improvement comes with a
cost: the search time is substantially higher, in this
particular case more than one day of computation.

Finally, Figure 3 refers to the comparison of
the ARL-unbiased np-chart and two-sided CUSUM
scheme. It is apparent that the former is consid-
erably outperformed by the latter even for values
of p close to p0. Thus, replacing an ARL-unbiased
np-chart by a two-sided CUSUM scheme certainly
pays off.

3 Charts/schemes for AR(1) bi-
nomial counts

In quality control we often need to monitor counts
of nonconforming items that are autocorrelated.
With this purpose in mind, this Subsection is de-
voted to Shewhart/CUSUM charts/schemes meant
to control the mean of binomial AR(1) counts.

When we deal with control statistics that only
assume integer values, such as the number of
defective items in a random sample with fixed size,
pth order autoregressive models (AR(p)) are of
limited use, namely because the simple procedure
of multiplying an integer-valued r.v. by a real con-
stant may lead to a non-integer r.v. (Silva, 2005,
p. 22; Paulino et al., 2016b). In order to avoid
this situation, it is recommended to replace the
scalar multiplication by a random operation such as
the binomial thinning due to Steutel and Van Harn
(1979). This operation preserves the integer struc-
ture of the original process.

First-order integer-valued autoregressive
(INAR(1)) processes, introduced by McKenzie
(1985) and relying on the binomial thinning
operator, have been used in SPC, as illustrated
by Weiß (2009a, Chap. 20). For example, the
binomial AR(1) process has been used to describe
the number of defective items in random samples
of fixed size n (Weiß, 2009b; Rakitzis et al., 2015).

Let

• n ∈ N,

• p ∈ (0, 1),

• ρ ∈ [max{−p/(1− p),−(1− p)/p}, 1],

• β = p(1− ρ),

• α = β + ρ.
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The process {Xt : t ∈ N0} defined by the recursion

Xt = α ◦Xt−1 + β ◦ (n−Xt−1), t ∈ N, (12)

is said to be the binomial AR(1) process, where:
X0 ∼ Binomial(n, p); ◦ represents the binomial
thinning operator; and all thinning operations are
performed independently of each other and, fur-
thermore, are independent of {. . . , Xt−2, Xt−1}.

Weiß (2009b) added that: E(Xt) = np and
var(Xt) = np(1 − p); a binomial AR(1) process is
a Markov chain with state space {0, 1, ..., n} and
transition probabilities pij = P (Xt = j | Xt−1 = i)

given by

pij =

min(j,i)∑
m=max(0,j+i−n)

(
i

m

)
αm(1− α)i−m

×

(
n− i
j −m

)
βj−m (1− β)n−i+m−j . (13)

Throughout this section, we assume that: in the
absence of assignable causes, p = p0 and ρ = ρ0;
the purpose of using a control chart is to monitor
shifts from p0 to p = p0+δp or from ρ0 to ρ = ρ0+δρ,
where δp ∈ (−p0, 1 − p0) and δρ ∈ (max{−p0/(1 −
p0),−(1− p0)/p0} − ρ0, 1− ρ0).

3.1 Modified np-charts

Weiß (2009b) proposed four charts to monitor
the mean of binomial AR(1) counts. Three of
them have readjusted control limits to take into
account the autocorrelation structure. Since in
the in-control state E(Xt) = np0 and var(Xt) =

np0(1 − p0), the standard and modified np-charts
make use of the same 3-σ control limits: LCL =

dmax{0, np0−3
√
np0(1− p0)}e and UCL = bnp0+

3
√
np0(1− p0)c. Regretfully, these control limits do

not depend upon ρ0. However, it is not possible
to design the charts so that their in-control ARL
matches a pre-specified ARL. Furthermore, in the
presence of shifts in ρ, the ARL functions of these
three charts have a monotonous behavior.

We should add that if we falsely assume that
the output is i.i.d. and use the ARL-unbiased np-
chart proposed by Morais (2016) to monitor the
mean of binomial AR(1) counts, then the simulation
study, described in detail by Cruz (2019, Subsec-
tion 3.2.3), leads us to believe that the in- and out-
of-control ARL increase with ρ0. Hence, on the one
hand false alarms become less frequent, and on
the other hand the ARL-unbiased np-chart for i.i.d.
binomial output takes longer, in average, to detect
shifts in the process mean. Inevitably, we ought

to derive an ARL-unbiased modified np-chart with
readjusted control limits and randomization proba-
bilities accounting for the autocorrelation structure
of the process.

3.1.1 ARL function

Since the control statistics Xt are dependent r.v.,
the RL distribution of the np-chart is no longer ge-
ometric and, therefore, it is not possible to proceed
as in Morais (2016).

Following Paulino et al. (2016b), we present two
expressions that define the ARL of the modified
np-chart with nonnegative integer lower and upper
control limits, L and U .

For u ∈ {L, . . . , U}, RLu(p, ρ) has a discrete
phase-type distribution and

ARLu(p, ρ) = e>u × (I−Q)−1 × 1, (14)

where:

• e>u is the (u−L+1)th vector of the orthogonal
basis for R(U−L+1);

• I represents an identity matrix with rank (U −
L+ 1);

• Q = [pij ]
U
i,j=L;

• 1 is a column-vector with (U − L+ 1) ones.

Since the value of X0 is usually not known, it is
plausible to rely on X1 ≡ X1(p, ρ) ∼ Binomial(n, p)
and follow Weiß and Testik (2009) who recom-
mended the use of what the authors called overall
ARL, ARL(p, ρ), given by:

1 +
U∑
u=L

ARLu(p, ρ)× P [X1(p, ρ) = u]. (15)

3.1.2 Deriving an ARL-unbiased modified np-
chart

Once again we were inspired by Paulino et al.
(2016b) who proposed an ARL-unbiased modi-
fied c-chart to monitor the mean of a Poisson
INAR(1) process, with autocorrelation parameter β
and marginal mean equal to λ/(1− β).

Let L (resp. U ) be the lower (resp. upper) control
limit and γL (resp. γU ) the associated randomiza-
tion probability. The ARL-unbiased modified np-
chart to control the mean of a binomial AR(1) pro-
cess triggers a signal at sample t with:

• probability one if the observed count of non-
conforming items, xt, is smaller (resp. larger)
than the lower (resp. upper) control limit L
(resp. U );
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• probability γL (resp. γU ) if xt is equal to L

(resp. U ).

Randomizing the emission of a signal
means considering the sub-stochastic matrix
Q(p, ρ, γL, γU ) with entries:


(1− γL)pLL pLL+1 · · · pLU−1 (1− γU )pLU
(1− γL)pL+1L pL+1L+1 · · · pL−1U−1 (1− γU )pL+1U

...
...

. . .
...

...
(1− γL)pU−1L pU−1L+1 · · · pU−1U−1 (1− γU )pU−1U

(1− γL)pUL pUL+1 · · · pUU−1 (1− γU )pUU

 .

The overall ARL function of the associated mod-
ified np-chart, ARL(p, ρ, γL, γU ), ought to be rede-
fine too. It is equal to

1 +(1− γL)×ARLL × P [X1(p, ρ) = L]

+

U−1∑
u=L+1

ARLu × P [X1(p, ρ) = u]

+ (1− γU )×ARLU × P [X1(p, ρ) = U ],(16)

where ARLu ≡ ARLu(p, ρ, γL, γU ) follows from
(14), by taking Q(p, ρ, γL, γU ) instead of Q(p, ρ).

The algorithm used to obtain the control limits
and the randomization probabilities of the ARL-
unbiased modified np-chart is the one used by
Paulino et al. (2016b): the binomial distribution
takes naturally the place of the Poisson distribution.

Paulino et al. (2016b) obtained modified c-charts
whose ARL function achieve a maximum when
the parameter λ (resp. the autocorrelation parame-
ter β) is in-control, leading to what Paulino et al.
(2016b) termed λ − design (resp. β − design).
However, when we are monitoring binomial AR(1)
counts, we observed that, in the presence of shifts
in ρ, the ARL function have a monotonous behav-
ior. Thus, it is not possible to derive a ρ− design.

3.1.3 Illustrations

In figures 4 and 5 we compare the performance
of the ARL-unbiased modified np-chart presented
in Section 3.1.2 and the ARL-unbiased unmodified
np-chart proposed by Morais (2016), in the pres-
ence of shifts in p (Figure 4) or in ρ (Figure 5).

The first of these figures suggests that the modi-
fied np-chart is more sensitive to process improve-
ment than the unmodified np-chart and that the
performance of these two charts are similar in the
presence of decreases in p.

Although there is not any modified np-chart such
that ARL(p0, ρ, γL, γU ) has maximum point in ρ0, it
was possible to identify control limits and random-
ization probabilities leading to an in-control ARL

equal to the desired value ARL∗. Figure 5 shows
that the unmodified np-chart has in-control ARL
larger than ARL∗ and is slower than the modi-
fied np-chart when it comes to the detection of
decreases in ρ.
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Figure 4: ARL curves of the ARL-unbiased modified (solid
line) and unmodified (dashed line) np-charts in the pres-
ence of shifts in p — ARL∗ = 370.4, (n, p0, ρ0) =
(30, 0.005, 0.8), (L,U, γL, γU ) = (0, 3, 0.002983, 0.444226)
(solid line), (0, 3, 0.002987, 0.257820) (dashed line).
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Figure 5: ARL curves of the modified (solid line) and un-
modified (dashed line) np-charts in the presence of shifts
in ρ — ARL∗ = 370.4, (n, p0, ρ0) = (30, 0.005, 0.8),
(L,U, γL, γU ) = (0, 3, 0.002983, 0.444226) (solid line),
(0, 3, 0.002987, 0.257820) (dashed line).

3.2 CUSUM schemes

In this section, we assume that the reference val-
ues are obtained as in (4) and that the control
limits, h+ e h−, are positive. We define once more
k+ = a+/b+, h+ = c+/b+, k− = a−/b− and
h− = c−/b−.

As far as we have investigated, no ARL-
unbiased two-sided CUSUM scheme has been
proposed for binomial AR(1) counts.
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We examined the impact of ignoring the au-
tocorrelation structure of the output in the per-
formance of two-sided CUSUM schemes. When
we falsely assumed that the output is i.i.d. and
use the ARL-unbiased two-sided CUSUM scheme
derived in Section 2.2.2, the in-control ARL de-
creases dramatically as the autocorrelation param-
eter ρ0 increases. The out-of-control ARL values
also decreases as the autocorrelation parameter
ρ0 increases but in a much less pronounced way.
Predictably, it is crucial to derive an ARL-unbiased
two-sided CUSUM scheme that takes into consid-
eration the autocorrelation structure of the counts.

3.2.1 ARL function

The ARL function of upper one-sided CUSUM
chart was defined by Weiß and Testik (2009) for
Poisson INAR(1) counts. More recently, Yontay
et al. (2013) provided the ARL function of a two-
sided CUSUM scheme for the same counts.
{(Xt, S

+
t , S

−
t ) : t ∈ N} is a trivariate Markov

chain (Yontay et al., 2013) with state space
{0, 1, ..., n}×{0, 1/b+, 2/b+, ...}×{0, 1/b−, 2/b−, ...}
and transition probabilities, p(b,i+,i−)(a,j+,j−) =

P (Xt = a, S+
t = j+, S−t = j− | Xt−1 = b, S+

t−1 =

i+, S−t−1 = i−), with a, b ∈ {0, 1, ..., n}, j+, i+ ∈
{0, 1/b+, 2/b+, ...} and j−, i− ∈ {0, 1/b−, 2/b−, ...}.
The derivation of these transition probabilities can
be found in Cruz (2019, p. 49). The subscript in the
transition probability refers to the transition from
the state (b, i+, i−) to the state (a, j+, j−).

Since (Xt, S
+
t , S

−
t ) is a discrete Markov chain,

to define the ARL function we can use the ap-
proach of Brook and Evans (1972), by considering
a TPM associated with a set of transient states in
{0, 1, ..., n} × T and a single absorbing state com-
bining all the original absorbing states (a, i+, i−),
with i+ > h+ or i− > h−.

Let S+
0 = 0 and S−0 = 0. Then RL(x,u+,u−)(p, ρ)

has a discrete phase-type distribution and

ARLx,u
+,u−

(p, ρ) = e>(x,u+,u−)×(I−Q)−1×1, (17)

where:

• e>(x,u+,u−) is the ((c− + 1)× u+ + u− + 1+ x×
(c+ + 1)× (c− + 1))th vector of the orthogonal
basis for R(n+1)×(c++1)×(c−+1);

• I represents and identity matrix with rank (n+

1)× (c+ + 1)× (c− + 1);

• Q is the sub-stochastic matrix given by
[p(b,i+,i−)(a,j+,j−)], with (a, i+, i−) and
(b, j+, j−) belonging to the set of transient
states {0, 1, ..., n} × T + × T −;

• 1 is a column-vector with (n+ 1)× (c+ + 1)×
(c− + 1) ones.

Since the value of X0 is usually unknown, it is
plausible to rely on X1 ≡ X1(p, ρ) ∼ Binomial(n, p)
and define the overall ARL, ARL(p, ρ), as:

1 +
∑

(x,u+,u−)

ARLx,u
+,u−

(p, ρ)× p(◦,0,0) (x,u+,u−) (18)

with (x, u+, u−) ∈ {0, 1, ..., n} × T + × T −. The
derivation of the probabilities p(◦,0,0) (x,u+,u−) =

P (X1 = x, S+
1 = u+, S−1 = u− | S+

0 = 0, S−0 = 0)

can be found in Cruz (2019, pp. 50–51)

3.2.2 Deriving an ARL-unbiased two-sided
CUSUM scheme

To derive an ARL-unbiased two-sided CUSUM
scheme we proceed as in Section 2.2.2. We are
still dealing with the two discrete control statistics
S+
t and S−t , thus the randomization probabilities

play a vital role in the elimination of the bias of
the ARL function and to achieve an in-control ARL
equal to ARL∗.

Randomizing the emission of a signal means
considering the sub-stochastic matrix Q of the
equation (17) with some changes in the entries
associated with the states (a, j+, h−), (a, h+, j−)

and (a, h+, h−), where a ∈ {0, 1, ..., n}, j+ ∈
{0, 1/b+, ..., c+/b+} and j− ∈ {0, 1/b−, ..., c−/b−}.
When there is a transition from state (b, i+, i−),
(b, i+, i−) ∈ {0, 1, ..., n} × T + × T −, to state:

• (a, j+, h−), j+ ∈ {0, 1/b+, ..., (c+− 1)/b+}, the
entry is equal to (1− γh−)× p(b,i+,i−)(a,j+,h−);

• (a, h+, j−), j− ∈ {0, 1/b−, ..., (c−− 1)/b−}, the
entry is (1− γh+)× p(b,i+,i−)(a,h+,j−);

• (a, h+, h−), the entry is given by (1 − γh+) ×
(1− γh−)× p(b,i+,i−)(a,h+,h−).

The remaining entries of the ma-
trix Q ≡ Q(p, ρ, γh+ , γh−) are
equal to the transition probabilites
p(b,i+,i−)(a,j+,j−), where (a, j+, j−) ∈ {0, 1, ..., n} ×
{0, 1/b+, ..., (c+−1)/b+}×{0, 1/b−, ..., (c−−1)/b−}.
The overal ARL function of the ARL-unbiased two-
sided CUSUM schemes for the mean of binomial
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AR(1) counts, ARL(p, ρ, γh− , γh+), is given by:

1 +
∑

(x,u+,u−):u+ 6=h+, u− 6=h−

ARLx,u
+,u−

×p(◦,0,0) (x,u+,u−)

+ (1− γh−)×
∑

(x,u+,h−):u+ 6=h+

ARLx,u
+,h−

×p(◦,0,0) (x,u+,h−)

+ (1− γh−)(1− γh+)×
∑

(x,h+,h−)

ARLx,h
+,h−

×p(◦,0,0) (x,h+,h−)

+ (1− γh+)×
∑

(x,h+,u−):u− 6=h−

ARLx,h
+,u−

×p(◦,0,0) (x,h+,u−), (19)

where (x, u+, u−) ∈ {0, 1, ..., n} × T + × T −;
ARLx,u

+,u−
obtained from (17) with Q(p, ρ) re-

placed by Q(p, ρ, γh+ , γh−) and ARLx,u
+,h− ≡

ARLx,u
+,h−

(p, ρ, γh+ , γh−).
The ARL-unbiased two-sided CUSUM scheme

for the mean of binomial AR(1) counts is obtained
using the search procedure described in Section
2.2.2.

3.2.3 Illustrations

There is a significant difference between the per-
formances of the ARL-unbiased two-sided CUSUM
schemes, for binomial AR(1) and i.i.d. counts, that
make use of randomization probabilities.
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Figure 6: ARL(p, ρ0, γh+ , γh− ) function of two-
sided CUSUM schemes for AR(1) and i.i.d. (solid
and dashed lines) binomial counts in the presence
of autocorrelation — ARL∗ = 150, (n, p0, ρ0,∆) =
(30, 0.03, 0.2, 0.01), (k−, k+, h−, h+, γh− , γh+ ) =
(1, 1, 31, 12, 0.406215, 0.079627) (solid line),
(1, 1, 28, 10, 0.493716, 0.540321) (dashed line).

The scheme that takes into account the autocor-
relation structure of the counts and the one that
ignores it have indeed contrasting performances,

as shown by Figure 61. The two-sided CUSUM
scheme that ignores the autocorrelation structure
is ARL-biased and has in-control ARL smaller than
the other two-sided CUSUM scheme.

Finally Figure 71 refers to the comparison
of the ARL profiles of the ARL-unbiased She-
whart/CUSUM charts/schemes for AR(1) binomial
counts. Unsurprisingly, the ARL-unbiased two-
sided CUSUM scheme outperforms its Shewhart
counterpart.
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Figure 7: ARL(p, ρ0, γL, γU ) and ARL(p, ρ0, γh+ , γh− ) func-
tions of the ARL-unbiased Shewhart/CUSUM chart/scheme
(resp. dashed and solid line) — ARL∗ = 150, (n, p0, ρ0,∆) =
(30, 0.03, 0.2, 0.01), (k−, k+, h−, h+, γh− , γh+ ) =
(1, 1, 31, 12, 0.406215, 0.079627) (solid line),(L,U, γL, γU ) =
(0, 5, 0.013762, 0.566265) (dashed line).

4 Conclusion and final remarks

The main research goal was to obtain
charts/schemes with an ARL-unbiased function to
monitor the expected number of defective items
in a random sample of fixed size. We studied
np-charts and two-sided CUSUM schemes for i.i.d.
and AR(1) binomial counts. Since we are dealing
with a discrete control statistic, randomization
probabilities are essential to bring the in-control
ARL down to ARL∗ and to eliminate the bias of
the ARL function.

We proposed an ARL-unbiased two-sided
CUSUM scheme for i.i.d. binomial counts inspired
by the algorithm of Paulino et al. (2016b). The
search procedure is used to obtain the control
limits and randomization probabilities.

For binomial AR(1) counts, we concluded that
ignoring the autocorrelation structure would result
in ARL-biased np-charts and two-sided CUSUM
schemes. Therefore, we derived an ARL-unbiased

1Due to an algorithm implementation error, the output values
may present a small deviation from the correct values.
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modified np-chart and an ARL-unbiased two-sided
CUSUM scheme, once again by adapting the
search procedure proposed by Paulino et al.
(2016b).

The search procedure to obtain the ARL-
unbiased two-sided CUSUM scheme for binomial
AR(1) counts is computationally intensive and
rather inefficient, namely because we are dealing
with sparse sub-stochastic matrices of consider-
able size. A direction for future work would be im-
proving this search procedure by taking advantage
of the potential of the statistical software R to deal
with sparse arrays.
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versidade de Lisboa.

Gan, F.F. (1993). An optimal design of CUSUM control charts for
binomial counts. Journal of Applied Statistics 20, 445–460.

Hawkins, D.M. and Olwell, D.H. (1998). Cumulative Sum Control
Charts and Charting for Quality Improvement. New York:
Springer-Verlag.

Johnson, N.L. and Leon, F.C. (1962). Cumulative sum control
charts – mathematical principles applied to their construction
and use – Part III. Industrial Quality Control 19, 22–28.

Lucas, J.M. (1985). Counted data CUSUM’s. Technometrics 27,
129–144.

Lucas, J.M. and Crosier, R.B. (1982). Fast initial response (FIR)
for cumulative sum quality control schemes. Technometrics
24, 199–205.

McKenzie, E. (1985). Some simple models for discrete variate
time series. Water Resources Bulletin 21, 645–650.

Montgomery, D.C. (2009). Introduction to Statistical Quality
Control (6th edn). New York: John Wiley & Sons.

Morais, M.C. (2016). An ARL-unbiased np-chart. Economic
Quality Control 31, 11–21.

Paulino, S., Morais, M.C., and Knoth, S. (2016a). An ARL-
unbiased c-chart. Quality and Reliability Engineering Inter-
national 32, 2847–2858.

— (2016b). On ARL-unbiased c-charts for INAR(1) Poisson
counts. Statistical Papers, 1–18.

Rakitzis, A.C., Castagliola, P., and Maravelakis, P.E. (2015).
A new memory-type monitoring technique for count data.
Computers & Industrial Engineering 85, 235 –247.

Silva, I. (2005). Contributions to the Analysis of Discrete-valued
Time Series. PhD thesis. Faculdade de Ciências da Univer-
sidade do Porto, Portugal.

Steutel, F.W. and Van Harn, K. (1979). Discrete analogues of
self-decomposability and stability. Annals of Probability 7,
893–899.

Weiß, C.H. (2009a). Categorical time series analysis and appli-
cations in statistical quality control. PhD thesis. Fakultät für
Mathematik und Informatik der Universität Würzburg. disser-
tation.de – Verlag im Internet GmbH.

— (2009b). Monitoring correlated processes with binomial
marginals. Journal of Applied Statistics 36, 399–414.

Weiß, C.H. and Testik, M.C. (2009). CUSUM monitoring of first-
order integer-valued autoregressive processes of Poisson
counts. Journal of Quality Technology 41, 389–400.

Yontay, P., Weiß, C.H., Testik, M.C., and Bayindir, Z.P. (2013). A
two-sided cumulative sum chart for first-order integer-valued
autoregressive process of Poisson counts. Quality and Reli-
ability Engineering International 29, 33–42.

10


	Charts for nonconforming items
	Charts/schemes for i.i.d. binomial counts
	np-charts
	CUSUM schemes
	ARL function
	Deriving an ARL-unbiased two-sided CUSUM scheme
	Illustrations


	Charts/schemes for AR(1) binomial counts
	Modified np-charts
	ARL function
	Deriving an ARL-unbiased modified np-chart
	Illustrations

	CUSUM schemes
	ARL function
	Deriving an ARL-unbiased two-sided CUSUM scheme
	Illustrations


	Conclusion and final remarks

